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ABSTRACT: The electrical impedance data of diﬀerent nematic liquid-crystal cells are analyzed in
the framework of a model in which the diﬀusion of mobile ions in the bulk is governed by a
fractional diﬀusion equation of distributed order. The boundary conditions at the electrodes limiting
the sample are described by an integro-diﬀerential equation governing the kinetic at the interface
that embodies, in particular, the usual kinetic equation for describing the adsorption−desorption
process at the electrodes but is expressed in terms of a temporal kernel that can be chosen to cover
scenarios that are not suitably described within the usual framework of blocking electrodes. The
analysis is carried out by supposing that the positive and negative ions have the same mobility and
that the electric potential proﬁle across the sample satisﬁes the Poisson’s equation. The results cover
a rich variety of scenarios, including the ones connected to anomalous diﬀusion.

I. INTRODUCTION
Impedance or immittance spectroscopy is commonly used to
analyze electrical response data in the frequency domain of
electrolytic cells and, in particular, in liquid-crystalline (LC)
cells.1−5 For understanding the basic properties of LC cells in
view of their usefulness in display technology, it is crucial to
have knowledge of the mechanisms of transport and
accumulation of charges in these systems.6−9 To face the
high complexity of the electrical response of condensed matter
systems, we have considered several formalisms, starting with
the one that generalizes the Warburg model for the electrical
impedance,1 passing through the treatment of the diﬀusion of
mobile ions by means of fractional calculus in the time
domain,10−13 and arriving, more recently, to models that solve
fractional diﬀusion equations for the mobile ions together with
the Poisson’s equation for the spatial proﬁle of the electric
potential,14−16 showing that the anomalous diﬀusion may play
an important role in describing the experimental behavior.17
In this Article, we analyze impedance spectroscopy data of
several LC systems in the framework of a very general physical
model recently proposed.18 In this model, the mathematical
problem of a diﬀusion equation of distributed order19−21 for
the mobile ions coupled to the Poisson’s equation for the
electrical potential in the bulk but now subjected to boundary
conditions that are stated by means of an integro-diﬀerential
expression is analytically solved.18 These boundary conditions
embody, in particular, the usual kinetic equation for describing
the adsorption−desorption process at the electrodes22 but is
expressed in terms of a temporal kernel that can be
appropriately chosen to cover scenarios that are not suitably
described within the usual framework of blocking electrodes.
© 2012 American Chemical Society

II. EXPERIMENTAL SECTION
Two classes of samples having diﬀerent kind of electrodes, 1 ×
1 cm2 surface area, on transparent glass plates were prepared.
The ﬁrst electrode consists of an evaporated gold pixel whose
thickness is 30 nm; the second one is made of indium tin oxide
(ITO). Alignment of liquid crystal was achieved by rubbing
thin polyimide layers spin-coated onto the electrodes. Diﬀerent
values of polyimide thicknesses have been used, that is, 5, 20,
and 50 nm, obtained by spin-coating the glasses with 2, 10, and
20 wt % solutions of LQ1800 (Hitachi) in methyl
pyrrolidinone, respectively. The cells were obtained by
assembling two slides, prepared as described above and placed
parallel to each other, using Mylar spacers between them of 30
μm nominal thickness.
The complex impedance has been measured by a
potentiostat/galvanostat/impedentiometer EG&G model
273A in a frequency range from 10−3 to 105 Hz. Low
amplitude of the sinusoidal applied voltage was chosen, 25 mV
pp, to avoid electrically induced reorientation of the liquid
crystal. One connector acts as working electrode, whereas the
counter electrode has been short-circuited with the reference
one. Measurements at lower voltages give the same results but
introduce more noise. In any case, at the values of the applied
voltage, no electrochemical eﬀect can be activated in nematic
liquid crystals, both in the bulk or due to the electrodes of
conﬁnement. Moreover, the polyimide aligning layers prevent
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direct contact between the evaporated gold electrode and the
nematic liquid crystals.

III. FRACTIONAL DIFFUSION MODEL
The ﬁrst of the fundamental equations of the model is the
fractional diﬀusion equation for the bulk density of ions nα (α =
p for positive and α = n for negative ones)

∫0

∞

dγ τ(γ)

∂γ
∂
j (z , t )
γ nα(z , t ) = −
∂t
∂z α

(1)

where τ(γ) is a distribution function of γ, with the current
density given by
jα (z , t ) = −D

qD
∂
∂V
nα(z , t ) ∓
nα(z , t )
∂z
kBT
∂z

(2)

In eq 2, D is the diﬀusion coeﬃcient for the mobile ions (the
same for positive and negative ones) of charge q, V is the actual
electric potential across a sample of thickness d, with the
electrodes placed at the positions z = ± d/2, of a Cartesian
reference frame in which z is the axis normal to them, kB is the
Boltzmann constant, and T is the absolute temperature. The
choice of γ ≠ 1 permits us to consider a richer scenario in
which diﬀerent diﬀusive regimes (i.e., diﬀerent values of γ) may
occur depending on the distribution τ(γ) for the fractional time
derivative of distributed order. The presence of these regimes is
expected to play an important role in reproducing the
experimental data regarding the real part of the impedance
because in the low-frequency limit they introduce a diﬀerent
behavior for the impedance, as pointed out in ref 14. Indeed,
the experimental data shown in Figures 1 and 2 present a
frequency behavior similar to the one shown in ﬁgure 3 of ref
14 that can be interpreted as indicating the presence of at least
two diﬀerent diﬀusive regimes, that is, one of them manifested
in the low-frequency region and another one in the highfrequency limit. Similar features can also be veriﬁed in others
systems such as the ones worked out in ref 15. The imaginary
part of the impedance also exhibits at low frequency an
anomalous behavior that may be described by considering eq 1
subjected to the boundary conditions
t

jα (z , t )|z =±d /2 = ±

Figure 1. Real (R) and imaginary (X) parts of the electrical impedance
of the cell versus the frequency of the applied voltage, f = ω/2π. The
Figure was drawn for parameters (in SI units): : = 10−4, d = 36 ×
10−6, ε = 7ε0, + = 4.7 × 10−12, κ = 7.5 × 10−7, τ = 1.6, λ = 6.574 ×
10−8, ϑ1 = 0.45, ϑ2 = ϑ1/4, κ1 = κ, η = 1, and γ = 1 (A = 1). Note that
the results predicted by the model described in the previous section
correspond to the red line, and the usual model,22 characterized by a
blue line, is obtained from eq 5, with κ = 0 and γ = 1. The experimental
data, represented by the black line, correspond to the sample AU2.
(See the text.)

q
∂2
V (z , t ) = − [n+(z , t ) − n−(z , t )]
2
ε
∂z

which depends on the diﬀerence between the densities of
charged particles. These equations govern the dynamics of the
system and have been analytically solved,18 giving the
impedance of the cell in the form

η

∫−∞ d t ̅ κ(t − t ̅) ∂∂t ̅ η nα(z , t ̅)

(4)

A=

z =±d /2

(3)

Notice that the boundary condition contains a fractional
operator23 that, depending on the sign of η, may represent a
fractional time derivative (if η > 0) or a fractional integral (if η
< 0). For 0 < η ≤ 1, the term on the right side can be related to
an adsorption−desorption process. Indeed, for the speciﬁc
choice of κ(t) = κe−t/τ with η = 1, we recover the adsorption−
desorption processes at the surfaces governed by a kinetic
equation that corresponds to the Langmuir approximation.22
Others choices of κ(t) and η can be performed to incorporate
memory eﬀects and, consequently, non-Debye relaxation
processes24 to cover scenarios where diﬀerent regimes may
also be manifested as one presented in ref 25. In an additional
sense, it is also necessary to mention that eq 3 embodies, as a
particular case, the Chang−Jaﬀé boundary conditions4,5 and,
consequently, can be related to the situation characterized by
ohmic electrodes.26 The potential is determined by the
Poisson’s equation

×

2
i ωε:β2
tanh(βd /2)/(λ2β) + d , /(2+)
1 + (i ω)η− 1κ(i ω)(1 + i ωλ2/D) tanh(βd /2)/(λ2β)

(5)

where S is the electrode area and λ = (εkBT/(2Nq )) is the
Debye’s screening length. In eq 5, the other quantities are
2

β=

F(i ω)
1
+ 2
D
λ

with

F(i ω) =

∫0

∞

1/2

dγ τ(γ)(i ω)γ
(6)

η

and , = F(iω) + β(iω) κ(iω) tanh(β d/2), in which the
transformed kernel is given by
κ(i ω) = e−i ωt

∫0

∞

dt ′ k(t − t ′)ei ωt ′

(7)

The presence of the kernel k(t − t′) and of the fractional time
derivative on the boundary condition give to the electrical
impedance (eq 5) a very general proﬁle. As a matter of fact, for
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(respectively, designed hereafter as AU2 and AU20), whose
preparation was described before. As a starting point, we have
considered the possibility of two diﬀerent regimes for the
diﬀusion of ions through the sample to reproduce the behavior
of the experimental data which, in the low frequency limit, have
a frequency dependence on the impedance, in contrast with the
usual case, which is veriﬁed in the high-frequency limit. This
procedure was suggested by the presence of the polymide layers
coated onto the electrodes, which are in contact with the
insulating medium of interest. To mathematically account for
two diﬀusive regimes, one of them being the usual and another
the anomalous one, characterized by a fractional coeﬃcient γ, it
is convenient to choose, for instance, F(iω) = A(iω)+(1 −
A)(iω)γ, where A is a controlling parameter, 0 ≤ A ≤ 1, such
that A = 1 corresponds to a pure usual diﬀusion (γ = 1)
whereas A = 0 to a pure fractional, anomalous, regime (γ ≠ 1).
This kind of superposition is suitable because the experimental
data obtained for the real part of impedance exhibit a plateau at
high frequency and a power-law behavior at low frequency, and,
in a phenomenological perspective, it represents some kind of
mixing or interpolation of diﬀerent behaviors for diﬀerent
ranges of frequency. Indeed, the plateau may be connected to
an usual diﬀusive process and the power-law behavior to an
anomalous one. Notice, however, that the presence of fractional
derivatives in the diﬀusion equation does not change the
asymptotic behavior of the imaginary part of the impedance at
low frequency, as discussed in refs 18 and 19. In this regard, the
surface eﬀects represented by the boundary conditions, that is,
eq 3, play a prominent role and deserve a more detailed
analysis. The behavior of the imaginary part of the impedance is
inﬂuenced by the boundary conditions and, depending on the
choice performed for them, diﬀerent trends can be obtained, as
performed in ref 18. In addition, this unusual behavior of the
imaginary part may also be connected to an anomalous
diﬀusion process. In fact, surfaces eﬀects may induce anomalous
diﬀusion, as show in ref 25. To investigate these surface eﬀects
in more detail, we have considered κ(iω) = κτ(1/(iωτ)ϑ1 + (κ1/
κ)/(iωτ)ϑ2). This choice for κ(iω), made to perform a
phenomenological description of the surface eﬀect on the
ions, considers the presence of two processes occurring at the
electrodes with a characteristic time, τ. Of these processes, one
is delocalized along a characteristic surface thickness, κτ, and
another one along the thickness κ1τ. Consequently, the
parameters ϑ1, ϑ2 are connected to eﬀects produced by the
surfaces, and γ is connected to eﬀects produced by the bulk on
the dynamics of the mobile ions.
In Figure 1, the frequency dependence of the real (R) and
imaginary (X) parts of the electrical impedance are shown for
the sample AU2 for the case in which the ion diﬀusion in the
bulk was treated as usual, that is, for γ = 1. The kernel
corresponding to the surface part was such that the
characteristic surface lengths were κτ = κ1τ = 1.2 μm. These
lengths have to be compared with the thickness of the sample, d
= 36 μm, and the Debye’s screening length, λ ≈ 0.065 μm. For
this sample, the surface eﬀects are very pronounced and
delocalized along a mesoscopic length corresponding to >3% of
the thickness of the sample. For comparative purposes, in the
same Figure is shown the usual behavior, that is, the usual
diﬀusion equation for the diﬀusion of bulk ions together with
the blocking electrodes boundary condition. This usual solution
is characterized by a plateau in the low-frequency region, which
is absent in the experimental data. Therefore, to explain the
low-frequency dependence of the electrical impedance, we have

Figure 2. Real (R) and imaginary (X) parts of the electrical impedance
of the cell versus the frequency of the applied voltage, f = ω/2π. The
parameters (in SI units) are : = 10−4, d = 37 × 10−6, ε = 7.8ε0, + = 4
× 10−12, κ = 1.2 × 10−6, τ = 10−3, λ = 8.778 × 10−8, ϑ1 = 0.285, κ1 = 0,
η = 1, and γ = 1 (A = 1). The experimental data illustrated by the black
line correspond to the sample ITO10, and the green line represents
the results obtained from eq 8. Similarly to what happens in Figure 1,
the red line is obtained by means of eq 5 with the previous values for
the parameters.

τ(γ) = δ(γ − 1), η = 1, with k(t) = κe−t/τ, the case worked out
in ref 22, in which adsorption−desorption phenomena are
incorporated into the analysis by means of a kinetic balance
equation at the surfaces, is recovered. Moreover, for τ(γ) = δ(γ
− 1), with k(t) = 0, the usual form of the electrical impedance
obtained in the situation of blocking electrodes is reobtained.
The asymptotic behavior for eq 5 in the low-frequency limit
depends on the choice of F(iω) and κ(iω). To investigate this
behavior in detail we consider that F(iω) ≈ (iω)δ (0 < δ ≤ 1)
and κ(iω) ≈ 1/(iω)ν (0 < ν < 1), when ω → 0. This particular
choice for F(iω) and κ(iω) will be employed in the next section
to analyze the experimental data. By taking these conditions
into account, we obtain the approximated result
A≈

λ 2 + λ(d − λ)F(i ω)/D + (i ω)η d κ(i ω)/D
i ωε:
1 + (i ω)η− 1κ(i ω)/λ
(8)

in the limit ω → 0.

IV. RESULTS AND DISCUSSION
We have analyzed the experimental data by using the approach
summarized in the previous section.18 We have focused our
attention on three representative samples, whose frequency
behavior of Z was found unusual, deserving a more powerful
tool to be explained. The ﬁrst sample was made by ITO
electrodes, corresponding to a spin coating of 10 wt % solution
of LQ1800 (ITO10) and two samples of gold electrodes,
corresponding to 2 and 20 wt % solution of LQ1800
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used a simple kernel in which two diﬀerent power law
behaviors intervene in the form κ(iω)/κτ ≈ 1/(iωτ)0.45+1/
(iωτ)0.11.
The same quantities are exhibited for the sample ITO10 in
Figure 2. For this sample, there is only one characteristic
surface length, namely, κτ = 1.2 × 10−3 μm (κ1τ = 0) to be
compared with the thickness of the sample, d = 37 μm, and the
Debye’s screening length, λ = 87.78 × 10−3 μm. We observe
that the surface eﬀects are still delocalized and are also
important in determining the anomalous behavior of the
impedance. The low-frequency behavior is essentially governed
by a kernel (surface) having the form κ(iω)/κτ ≈ 1/(iωτ)0.285,
but the diﬀusion of ions in the bulk is the normal one, that is, γ
= 1.
A still more complex behavior was found in the AU20
sample, shown in Figure 3. Now, the best agreement was

Figure 4. Imaginary part of the impedance versus the real part of the
impedance for the samples we are analyzing: AU2 (bottom), ITO10
(middle), and AU20 (top). The black line corresponds to the
experimental data, and the red, blue, and green lines represent eq 5
with the parameters values used in Figures 1−3.

V. CONCLUSIONS
We have investigated the electrical response of an electrolytic
cell by considering the diﬀusion of the ions governed by a
fractional equation of distributed order subjected to a boundary
condition expressed as an integro-diﬀerential equation. The
fractional diﬀusion equation of distributed order is connected
to anomalous diﬀusion and recovers the usual diﬀusion in the
appropriated limit. It can also be used to investigate situations
in which diﬀerent diﬀusive regimes are present. The boundary
conditions considered here extend the ones usually employed
to investigate these systems and can lead us to situations
connected to anomalous diﬀusion. The values of the parameters
in agreement with the experimental data have shown that the
imaginary part of the impedance is more inﬂuenced by the
surface (i.e., the boundary conditions) at low frequency and by
the bulk at high frequency. In this respect, it is worth
mentioning that in the low-frequency limit the behavior of the
real part of the impedance is more inﬂuenced by the bulk
equation (diﬀusion equation) than the imaginary part of the
impedance is. Anyway, the surface conditions also play an
important role in the behavior of the real part of the impedance.
Therefore, these results provide evidence that the diﬀusion
process of the ions in these electrolytic cells is anomalous and
the mechanisms of these processes may be connected to the
surface eﬀects that induce an anomalous process on the bulk.

Figure 3. Real (R) and imaginary (X) parts of the electrical impedance
of the cell versus the frequency of the applied voltage, f = ω/2π. The
parameters (in SI units) are : = 10−4, d = 36 × 10−6, ε = 8.5ε0, + =
1.05 × 10−12, κ = 1.1 × 10−7, τ = ×10−2, λ = 1.0337 × 10−7, ϑ1 = 0.864,
ϑ2 = 0.2 κ1 = κ, η = 1, and γ = 0.16. The experimental data correspond
to the sample AU20. The red line corresponds to results obtained
from eq 5 with the previous values for the parameters. The fractional14
and usual22 models are obtained from eq 5 by considering κ = 0 with γ
≠ 1 and κ = 0 with γ = 1.

obtained by invoking the anomalous process for the bulk,
governed by a fractional diﬀusion equation with γ = 0.16, and a
largely delocalized surface inﬂuence, characterized by the length
κτ = κ1τ ≈ 10−3μm, whereas the thickness of the sample is d =
36 μm and the Debye’s screening length is λ ≈ 0.10337 μm.
Finally, in Figure 4, the imaginary (X) versus the real part
(R) of the impedance is shown for the systems presented in
Figures 1−3.
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