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Abstract— High production meeting product
quality, process safety and environmental regulation
provide to control systems a key role in biochemical
plants operation. As a suitable mathematical model
is essential for process control, this work reports an
alternative tool, based on the use of fractional order
differential equations, for biochemical reactor identi-
fication using previously reported experimental data.
Three different approaches were considered: i) solv-
ing the nonlinear set of algebraic equations obtained
from the derivatives of the objective function with
respect to the parameters; ii) solving a multivariable
nonlinear deterministic optimization problem; iii)
solving a multivariable nonlinear heuristic optimiza-
tion problem. All identified models were submitted
to statistical fitting tests and the second approach (ii)
proved to be the most efficient for process identifica-
tion, satisfying all statistical tests. Common integer
order models were identified, leading to poorer data
fit when compared to the fractional model, proving
the usefulness and success identification tool pro-
posed.

Keywords— Process identification, fractional dif-
ferential equation, caputo representation, biochemi-
cal reactor.

I. INTRODUCTION

Due to the needs of high production meeting product
quality, process safety and environmental regulation,
control systems play a key role in chemical and bio-
chemical plants operation (Santos et al., 2005). How-
ever, in order to have a well regulated system, a suitable
and reliable mathematical model must be available. First
principle models are usually better than empirical mod-
els not only because of the theoretical background, but
also due to the extrapolation capability allowed by
proper parameter estimation (Levenspiel, 2002). On the
other hand, fundamental models may be too large for
real time application, besides, some difficulties may
arise during the modeling task, such as the choice of
constitutive relations for example the kinetic equation or
thermodynamic equation of state (Lenzi ef al., 2005). A
commonly used alternative employed to overcome these
difficulties is the use of empirical models, which can be
obtained by process identification techniques (Pearson,
2006). Modeling and identification of biochemical reac-

tors represent a broad research field with several suc-
cessful applications already reported in literature. Re-
sults concern fundamental and empirical modeling (Kir-
dar et al., 2008), applications to membrane reactors (Ng
and Kim, 2007), solid-state fermentation (Mitchell et
al., 2004), gas-lift reactors (Petersen and Margaritis,
2001).

Fractional differential order equations represent a
fast growing research field (Hilfer, 2000). Different ap-
plications of fractional calculus have been reported
ranging from diffusion studies (Lenzi et al., 2006) to
stock market applications (Bianco and Grigolini, 2007),
while other important applications such as in rheologi-
cal behavior are also reported (Craiem et al., 2008). Fur-
ther details regarding the formalism of fractional calcu-
lus (Oldham and Spanier, 2006) and the physical inter-
pretation of fractional derivatives (Machado, 2003) are
beyond the scope of this work and can be found else-
where. Successful results concerning fractional identifi-
cation have reported by Poinot and Trigeassou (2004).
The authors report an output-error technique for frac-
tional identification. The reported results indicate that
good models can be obtained however the identification
technique is a hard task, as it is divided into three steps,
one for steady state gain estimation, a second for the
system time constant estimation and finally the order of
the derivate. Another approach is reported by Hartley
and Lorenzo (2003) where frequency analysis is used
for system identification.

This work reports an alternative tool for biochemical
reactors identification, which was validated with ex-
perimental data reported in the literature (Isfer, 2009).
To our knowledge, fractional differential equations have
not been yet used for modeling or identification of bio-
chemical reactors using actual experimental data. The
aim of this work is not only the process identification,
but also the analysis of different parameter estimation
approaches used with fractional differential equations.
The different approaches considered for parameter esti-
mation step involved in the identification task were: 1)
solving a nonlinear set of algebraic equations, obtained
from de derivatives of the objective function with re-
spect to the parameters being estimated; ii) solving a
multivariable nonlinear deterministic optimization prob-
lem; iii) solving a multivariable nonlinear heuristic op-
timization problem, based on genetic algorithms. These
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techniques were used not only for fractional identifica-
tion, but also for first and second integer order models.
After parameter estimation, the identified models are
analyzed by standard statistical tests (Otto, 1999) in or-
der to quantify and evaluate the quality of the achieved
data fitness.

II. THEORETICAL FRAMEWORK

A fractional derivate can be obtained by several ap-
proaches (Isfer, 2009). However, in this work, only the
Caputo representation (Caputo, 1967), presented bellow,

will be considered.
(n)
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The main advantages of this representation are the
fact that initial conditions of the fractional differential
equations can be expressed in terms of integer order de-
rivatives (Hilfer, 2000). Secondly, for this representa-
tion, the fractional derivate of a constant function is zero
allowing the use of deviation variables (Seborg et al.,
2003), which considerably simplify the mathematical
analysis when using Laplace transform. In this work the
following transfer function (Laplace domain) is used for
biochemical reactor identification. In this model, o is
the order of the derivate. It can be observed that when
a=1 or a=2 Eq. (2) represents first and second order
transfer functions, respectively. Due to the memory ef-
fect feature of the fractional derivate, systems exhibiting
nonlinear behavior can also be identified by the transfer
function.

)= L 6)

X (S) a-s”+b
If X(s) is a unit step (Heaviside Function), which is a
common disturb used for process identification, the be-
havior of ¥(s) in time domain is given by Eq. (3), which
was obtained by Laplace inversion. Further details of

the algebraic operation can be found in Lenzi et al.
(2006).

o5 ] @

III. METHODOLOGY

The objective function used for parameters a, b, o esti-
mation is given bellow, where NE is the number of ex-
periments and yogs., i the observed experimental value
at instant p.
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According to Bard (1974), the parameter estimation
task can be carried out using two different approaches:
i) solving a nonlinear set of algebraic equations, ob-

tained from de derivatives of the objective function with
respect to the parameters being estimated; ii) solving a

multivariable nonlinear optimization problem, which
can be done by using either a deterministic or a heuristic
optimization method.

The first approach consists in solving the set of non-
linear of algebraic equations given by Eq. (5) to Eq. (8).
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According to Lebedev (1972), ¥ function can be
used for evaluation of gamma function derivate.
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This set of equations was solved using a modified
Powell algorithm (Himmelblau and Edgar, 2002), which
considered a finite difference based approximation for
Jacobian matrix calculation. The evaluation of gamma
(I') and ¥ functions was carried out using numerical in-
tegration through quadratures with 20 collocation points
(Rice and Do, 1995). The series with upper limit equal
to oo was considered completely evaluated when the last
calculated term was less than 107

The second approach used for parameter estimation
was the solution of a nonlinear multivariate optimiza-
tion problem using a deterministic technique. In this
work, a quasi-Newton method (Himmelblau and Edgar,
2002), with a finite-difference based approximation for
the gradient vector was used for parameter estimation.
Finally, a third approach considered a heuristic tech-
nique for solving the optimization problem. Due to fa-
cility of implementation and convergence issues, ge-
netic algorithm strategy was chosen (Himmelblau and
Edgar, 2002). Simulations were carried out using 20
genes and 150 generations, where each gene is formed
by a set of parameters {a,b, a}. The number of genes
and generations were chosen according to Ahn (2006)
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guidelines, assuring that the simulations are fast enough
and also lead to consistent results. Following the guide-
lines, crossover and mutation probabilities were of 80%
assuring a good macroscopic search and of 10% assur-
ing a good microscopic (refinement), respectively.

In this work three different models were used for re-
actor identification and each model was identified by
the three approaches previously described, resulting in
nine different identified models. All models are based
on Eq. (2). Model 01 is formed by Eq. 1 where a is set
equal to 1 (integer). Model 02 is formed by Eq. 1 where
a is set free, considered a real number. Model 03 is
formed by Eq. 3 where a is set equal to 2 (integer).
Model 02 is a fractional order model, while Model 01
and Model 03 are integer order models, which were
identified as a benchmark for comparison. After pa-
rameter estimation, statistical tests were performed to
evaluate the good of fitness. Particularly, the calculation
of correlation coefficient, mean and variance hypothesis
tests and Chi-square (y?) test were carried out (Otto,

1999). These are standard statistical tests and details re-
garding their implementation can be found elsewhere
(Johnson and Wichern, 2002). Finally, parameter vari-
ance should be also estimated in order to verify parame-
ter significance. In this work, parameter variation was
obtained according standard procedures reported by
Bard (1974).

The experimental data set used is reported Isfer
(2009), and describes the behavior of the concentration of
CO, of a bioreactor after a step change in the feed flow
rate to this reactor. The experimental points are from
yeast alcoholic fermentation, described by the following
reaction: C¢H,,0, — 2(CH;CH,OH) + 2(CO,). The ex-
perimental variance is reported to be equal to 1.5-107*
constant and equal for all data values. A small value of
variance was chosen to give consistency and reliability to
the experimental data. Secondly, if higher variance values
are used, larger vertical bars have to be used for experi-
mental data representation, allowing two or more distinct
models to fit the data from a statistical point of view, as
the model predictions would lay in the confidence inter-
val. Finally, a constant and equal value of variance can be
assumed when random errors are lower than the smallest
value of the scale used for the measurement (See Fig. 1).

IV. RESULTS AND DISCUSSIONS

In this section, results concerning parameter estimation
and statistical tests will be presented and discussed. Ta-
ble 1 presents the results regarding parameter estimates
for Model 01, Model 02 and Model 03 for the three ap-
proaches.

Besides, the best obtained parameter estimates; Ta-
ble 1 also reports the values of the objective function
(Eq. 4) for each set of parameters estimates. The initial
guesses were randomly chosen. One can observe that,
independently of the approach used for parameter esti-
mation, Model 02 is the best if the value of FOBJ is the
considered criterion. It can be observed that the value of
FOBJ is one order of magnitude lower than the values
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obtained for Model 01 and Model 03. The second ap-
proach led to better parameter estimates taking into ac-
count the value of FOBJ. If Approach 02 is compared to
Approach 03, this probably happened due to the use of
gradients of the objective function to guide the search
towards the minimum, as in Approach 02 a determinis-
tic optimization method was used. On the other hand, it
should be kept in mind that the choice of the initial
guesses in Approach 02 plays a crucial role for parame-
ter estimation. So, it is possible to infer that the results
of Approach 03 may represent good initial guesses for
Approach 02, due to the large number of initial guesses
used in Approach 03. If Approach 02 is compared to
Approach 01 the difference probably happened because
of the choice of the solver used to obtain the solution of
the set of non-linear equations. Figure 1 presents model
prediction values for the three models and experimental
data plotted against time.

It can be observed that with the exception of the first
point, all predictions of Model 02 lie within the confi-
dence interval of the experimental point which is repre-
sented by the vertical bar error.

Table 1 — Parameter Estimation Results

Model 01
Approach
Parameter 01 02 03
o 1 1 1
a 0.04622 0.0849 0.07963
b 2.6902 1.7042 5.9724
FOBJ 1.6:1072 1.1-107 1.9-107
Model 02
Approach
Parameter 01 02 03
o 1.4836 1.388 1.3744
a 9.9434 8.929 8.7914
b 1.3901 1.273 1.2508
FOBJ 25107 1.2:107 1.3-107
Model 03
Approach
Parameter 01 02 03
a 2 2 2
a 18.5255 16.304 16.3034
b 2.1897 2.198 2.2063
FOBJ 5.8-107 461072 471072
1
£ 087
%o.e E
% 0.4 1 ® Experimental
L? -0-Model 01
> 02 I ——Model 02
[ ~-Model 03
0 At g
0 2 4 6 8 10

Time

Figure 1 — Model predictions and experimental data against
time — Approach 02
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Figure 2 — Model predictions against experimental data — Ap-
proach 02
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Figure 3 — Residues between Model predictions and experi-
mental data against time — Approach 02

However, despite the qualitative fitness observed, in
Fig. 1, two other important plots should be analyzed. The
first is shown in Fig. 2 where model predicted values are
plotted against experimental values. If the model is per-
fect, data should lie over the straight line presented. It can
be observed that for Model 02 predicted values are close
to experimental data and are randomly distributed over
the straight line; differently situation happens to Model
01 and Model 03 predictions.

An important plot is reported by Fig. 3, where the
residues between experimental values and model predic-
tions are plotted in a vertical bar chart. A reliable con-
clusion from this figure is that besides being close to
zero, the residues of Model 2 are randomly distributed
over zero. This indicates that the difference between ex-
perimental and predicted values occurs due to random
experimental error allowing one to conclude that no sys-
tematic error or bias is present. For Model 03, the resi-
dues are too large, while for Model 01, a linear tendency
of the residues can be observed at the initial points.

Statistical tests are also important to evaluate the
identified models, which were obtained after the pa-
rameter estimation tasks. Table 2 reports the results of
the correlation coefficient calculation performed accord-
ing to Johnson and Wichern (2002). It can be observed
that the R value of Model 02 is the closest to 1 evidenc-
ing a good fit. However, it should be mentioned that

Model 01 also led to R close to 1. This probably hap-
pened because the model data have the experimental
data tendency leading to a good value of R despite the
residue, which mainly influences the value of FOBJ.
Another important statistical test which can be used
is reported by Otto (1999). It is a mean and variance hy-
pothesis tests which were performed between the ex-
perimental data set and each model prediction data set.
Table 3 presents the obtained results. The value of

) O— is obtained from the Fischer distribution

considering the level of confidence and the degree of
freedom of each case and is used for a variance hy-

pothesis test. On the other hand, the value of 7, 0rmvcu

is obtained from t-student distribution considering the
level of confidence and the degree of freedom of each
case and is used for the mean hypothesis test. After-
wards, a mean hypothesis test is conducted. From the
reported results one can infer that the experimental data
set and the data sets formed by model the three models
predictions are the same considering 99% of confidence
level.

Table 2 — Correlation coefficient results

Model 01 Model 02 Model 03
FOBJ 1.1-107 1.19-10°  4.61-107
Experimental data set 0.5833
mean — yPRED ’
Experimental data set
variance — 57, 0.08763
Predicted dataset 50007 053498 05593
mean — yPRED ' ' '
Predicted data set
variance — s 0.07640 0.08532 0.1130
Data sets covariance
52 0.08144 0.08641 0.09808
OBS—-PRED
R 0.995 0.999 0.986
R? 0.991 0.999 0.971
Table 3 — Mean and variance hypothesis tests results
Model 01 Model 02 Model 03
FOBJ 1.1-1072 1.19-10°  4.61-102
52 . 2 2
Feperipnrar = 20 B, if Oops~ 5PRED and
PRED
‘y oBs ~ Y prep
L pxperiENTAL = T 5V NE
V é‘OBS + é‘PRED
) — 1.1470 1.0271 1.2895
Confidence Level : 99%
FTHEURETICAL 654
Variance Hy-
pothesis Test Fovpermnoy < F THEORETICAL
Result 32 = Shun for all models
tExpERIMENTAL 0.05989 0.01277 0.1695
tTHEORET[CAL 2878
Mean Hypothesis ¢ < P
Test EXPERIMENTAL ~ Yrirporermicar
Result Voss = Voren for all models
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A third and important test is reported bellow. This test
of goodness of fit is reported by Otto (1999) and takes
into account the individual variance of the experimental

2 . .
data & yprppmmenry, Which was considered constant and

equal to 1.5-10*. It will also be considered a confidence
level of 99%. Table 4 lists the obtained results. The val-
ues of y2, lowerand y.  upper were obtained from the

Chi-square distribution using the degree of freedom and
confidence level according to the analyzed case. It can be
observed that only the fractional model satisfied this test.
It is important to stress the importance of performing all
statistical tests and do not rely only on the R value. Fi-
nally, it is important to realize that the results of this test
are in agreement with the qualitative analysis involving
the residual plots. It is also worth mentioning that one
may choose an experimental variance higher than to
1.5-10™* in order to satisfy all criteria. However, higher
values reduce the reliability of the experimental data
and also the model likelihood.

Finally, Table 5 reports the parameter variance ob-
tained using the reported techniques by Bard (1974),
where the objective function was linearized in the re-
gion close to the parameter estimate values. It can be
observed that both variance and standard deviation are
much smaller than the parameter value itself, allowing
the conclusion that the parameters and their effects are
significant. From the reported results, for the experi-
mental data set used only the identified fractional model
satisfied all statistical tests.

Table 4 — Test of goodness of fit

Model 01 Model 02 Model 03
FOBJ 1.1-107 1.19-107° 4.61-102
Number of Ex-
perimental 10
Points — NE
Number of Pa-
rameters — NP 2 3 2
2
2 - Xy -
X RED lowers ——————
P NE - NP
2
12 B 1 .f:(yOBS—p_yPRED—p) .
RED — "o2 ’
EXPERIMENTAL  p=0 NE — NP
2
2 . Xy
X upper » ———————————
" NE — NP
Ireo 9.18 1.14 38.42
Confidence Level (Y): 99%
ZIZQED lower 0341 031 0341
2 T— 1.939 2.01 1.939
2 2 2
Xrep Test Xreplover < Xagp < X rep wper?
Result No: Bad Fit Yes: Good Fit ~ No: Bad Fit
Table 5 — Parameter variance
Parameter  Value Variance Standard Deviation
a 1.388 851107 9.23-107
a 8.929  1.42-107* 1.19-1072
b 1273 3.01-107° 5.49-10
FOBJ 1.2:10°
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V. CONCLUSIONS

An experimental data set previously reported in the lit-
erature was used for fractional identification through
three different approaches: i) solving a nonlinear set of
algebraic equations, obtained from de derivatives of the
objective function with respect the parameters to be es-
timated; ii) solving a multivariable nonlinear determi-
nistic optimization problem; iii) solving a multivariable
nonlinear heuristic optimization problem, based on ge-
netic algorithms. The second approach (ii) proved to be
the most efficient for process identification, leading to a
fractional model that not only has correlation coefficient
of roughly 0.999, but also satisfies all statistical tests
considered. Predicted and experimental data plots were
used for qualitative analysis of the identification. Ex-
perimental data were also identified by common first
and second order models, which led to a poorer data fit
when compared to the fractional model, proving the
usefulness and success of fractional identification tool
proposed.
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